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A bstract
Supersym m etric extensions ofHam ilton-Jacobiseparable Liouville m echanicalsystem s
with twodegreesoffreedom aredened.Itisshown thatsupersym m etrycan beim plem ented
in thistype ofsystem sin two independentways. The structure ofthe constants ofm otion
isunveiled and the entanglem entbetween integrability and supersym m etry isexplored.
1 Introduction
Since thediscovery ofsuperstrings[1]and non-linearsupersym m etric eld theoreticalm odels[2]
at the beginning ofthe seventies in the past century supersym m etry has becom e an extrem ely
activearea ofresearch in both theoreticalphysicsand m athem atics.In particular,supersym m et-
ric non-Abelian gauge theories in severaldim ensions are ofbroad interest passing through the
phenom enology ofelem entary particles[3]to dierentialinvariantsoffourm anifolds[4].
Atavery early stagein thedevelopm entofthism atter,severalresearchersstarted to focuson
understanding Bose/Ferm isym m etry in the realm sofclassicaland quantum m echanicsofnite
dim ensionaldynam icalsystem s [5],[6]. In supersym m etric quantum m echanics,the ferm ionic
variables are realized as the generators ofa Cliord algebra satisfying the quantization rules:
fj(t);k(t)g = i~jk. Therefore,they are (Grassm ann)anticom m uting variablesfj;kg = 0 at
the~ = 0classicallim it[7].Thegeom etryofm anifoldsincludingvariablesofthiskind isdescribed
in DeW itt’sbook [8].Thus,in classicalsupersym m etric theoriestheconguration space isa su-
perm anifold,in DeW itt’ssense:thedynam icalvariablestaketheirvaluesin a Grassm an algebra


















arerealnum bers.b0 isusually referred to asthebody ofthesuper-
num berb whereasthe sum ofthe otherterm sin the Grassm an expansion isaccordingly nam ed
asthe soulofb.The Lagrangian form alism ofclassicalm echanicscan beextended to thesuper-
sym m etricfram ework and theHam iltonian form alism can alsobeim plem ented in supersym m etric
1
dynam icalsystem s,see[9,10].Severalsim plem echanicalm odels,with bosonicand ferm ionicdy-
nam icalvariablesvalued in aGrassm an algebra havebeen investigated by Casalbuoni[5],Berezin
and M arinov [6],Junkerand M atthiesen [11]. M anton and Heum ann have recently im proved on
theseworks,obtaining supersolutionsin severalinteresting m odels[12,13,14]
The m ain them e in the present work isto investigate the interplay between supersym m etry
and integrability in dynam icalsystem s with two bosonic degrees offreedom . There is a broad
classoftwo-dim ensionalclassicalsystem s,called Liouvillesystem s,that,besidesbeingcom pletely
integrable,have the stronger property ofbeing Ham ilton-Jacobi-separable,see [15]. Am ongst
them rank som e im portant physicalsystem s: the two-dim ensionalKepler and two Newtonian
centersofforceproblem s,theGarniersystem [16],to quotejustthree.Theexistence ofa second
rst-integralin involution with the Ham iltonian guarantees,via Liouville’s theorem ,com plete
integrability.Thesecond invariantisusually referred ascorresponding to hidden sym m etries;we
shallshow that,via theintroduction ofgeneralized m om enta,theseinvariantscan berelated with
wellknown constantsofm otion. M oreover,the hallm ark ofLiouville’ssystem s,the separability
ofthe Ham ilton-Jacobiequation,reduces the analyticalsolution to independent quadraturesin
thetwo degreesoffreedom .
In ourattem ptto build supersym m etry in system s ofthe Liouville type we face three m ain
tasks:
1.Construction ofsupersym m etric extensionsto becalled superLiouvillem odels.
2.Thesearch forthesecond invariantin thesupersym m etric fram ework.
3.To look atthe fate ofHam ilton-Jacobiseparability when ferm ionic degreesoffreedom are
added in a supersym m etric way
Thereareprecedentsofthestudy ofconstantofm otionsin supersym m etricclassicalm echanics
in theliterature.Plyushchay identied invariantsin supersym m etricclassicaland pseudoclassical
m echanicalm odelsinvolving onebosonicdegreeoffreedom in [17].Heum ann [14]and W ipfetal
[18]dealtwith thesupersym m etric version oftheRunge-Lenzvectorrespectively in theclassical
and quantum supersym m etric Coulom b problem s. W hether or not the invariants ofa classical
system prom oteinvariantsin thesupersym m etricextension isacrucialquestion regardingintegra-
bility. There are also precedentsofconnecting classicalintegrable system swith supersym m etry,
see the recentpaper[19]where the classicallim itofSUSY quantum m echanicsisused to dene
two dim ensionalintegrable system s. Connectionsbetween non-linearsupersym m etry and quasi-
exactly solvable system s have been pointed out in the interesting papers [20]and [21],where
the dynam icsofa charged spin 1
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in a m agnetic eld isdescribed using ideasofSUSY quantum
m echanics.
In supersym m etric m odels with one bosonic degree offreedom the Ham iltonian and the su-
percharges are obvious (non-independent) rst-integrals. The analytic solution ofthese m odels
can thus be reduced to quadratures via the Grassm an/M anton/Heum ann expansion as in [13].
Therealso existsom ecom binationsbetween theferm ionicvariableswhich areconserved,such as
wasshown in [17].Thesituation ism oredicultin m odelswith two bosonicdegreesoffreedom ,
where the identication ofinvariants is an arduous task even within the purely bosonic fram e-
work.Regarding thislatterpoint,one ofm ostcelebrated work isthatofHietarinta [22]:allthe
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p2x2 + U(x1;x2)areanalyzed,with U a polynom ialin x1
and x2 ofdegree 5 orless,and the second invariantisatm ostoffourth orderin px and py.The
procedure used isconceptually sim ple: the existence ofa second invariantI2 in involution with
the Ham iltonian guaranteesclassicalintegrability in two-dim ensionalsystem s. A polynom ialof
any orderin thecoordinates,butatm ostofdegree4 in them om enta with arbitrary coecients,
isproposed asa candidate to becom e the second invariantI. Accordingly,the Poisson bracket
fH ;IgP iscom puted.System swhere I can befound such thatfH ;IgP = 0 areintegrable.This
strategy hasbeen followed in otherworks[23,24]and wasextended tosupersym m etricsystem sin
[25].Here,weshallapply again Hietarinta’sm ethod to two-dim ensionalsupersym m etricclassical
m echanicsin the search forthe second invariantin superLiouville m odels. Thiswillbe possible
because the Ham iltonian form alism hasalso been well-dened in the supersym m etric fram ework
[10].
Below weoertheconclusionsthatwehavereached with respectto thethreetasks:
1.ThereexistN = 2extended supersym etricversionsofLiouvillem odels.Usually,interactions
in supersym m etric theories are determ ined from the superpotential. The surprise is that
in superLiouville m odels one can choose between two dierent superpotentials leading to
dierentsupersym m etricdynam ics.Thereason isthattheHam ilton-Jacobiequation theory
oftheparentLiouvillem odeladm itsfourdierentsolutionsfortheHam ilton characteristic
function (the superpotential). Two ofthe solutionsdierfrom the othertwo by a global
sign that m akes no dierence at all. The other two induce dierent Bose/Ferm iYukawa
couplings.
2.Thereexistsecond invariantsin otherthesuperLiouville m odels.TheBosecontribution to
theHam iltonian doesnotdepend on thechoice ofthesuperpotentialbuttheFerm icontri-
bution,the Yukawa couplings,isdierent forthe non-equivalent superpotentials. Exactly
thesam esituation occurswith respectto thesecond invariants.
3.ThesuperLiouvillem odelsarenotHam ilton-Jacobiseparable.TheYukawa term sspoilthe
separability ofthetwo degreesoffreedom .
On thephysicalside,wem ention two applicationsofsupersym m etric classicalsystem s.First,
thestructureoftheferm ioniccontribution tothesecond invariantnaturally showshow thespin of
thesuperparticle isdeterm ined asa quadratic productofGrassm an variables:s12 = i1
2
.This
explanation forthe ferm ionic degreesoffreedom com esback to [6]and wasgiven a deep group
theoreticalm eaning by Azcarraga and Lukierskiin Reference [26].Second,N = 2 superLiouville
m odelscan beunderstood asthedim ensionalreduction ofN = 1 supersym m etric eld theory in
(1+1)-dim ensions. From thispointofview the separatrix (nite action )supertrajectories are
seen as the BPS superkinks ofthe eld theory ( supersym m etric BPS dom ain walls in (3+1)-
dim ensions) . In References [27,28,29]we have approached the problem from this angle of
attack.
Theorganization ofthepaperisasfollows:In Section x2 wedescribe N = 2 supersym m etric
classicalm echanics,both in Euclidean and Riem annian 2D m anifolds;thenotationsand conven-
tionsare introduced also in thisSection. Section x3 isdevoted to dening N = 2 superLiouville
system s aftera rapid sum m ary ofthe properties ofthe parentLiouville m odels. In Section x4,
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thesecond (and other)invariantsofthesuperLiouvillem odelsareidentied,following theabove
m entioned Hietarinta strategy. Finally,in Section x5 a procedure is outlined to generalize the
Ham ilton-Jacobim ethod to the supersym m etric fram ework. It is shown how to search for the
supersolutionsofthesystem in a layer-by-layerresolution.
2 N = 2 supersym m etric classicalm echanics
In this Section we introduce N = 2 super-sym m etric classicalm echanics, which can also be
described asa dim ensionalreduction ofN = 1 supersym m etric (1+1)-dim ensionaleld theory.
W erestrictourselvesto m odelswith two bosonicdegreesoffreedom .
Thereisin thewholeform alism an underlying Grassm an algebra BL with L odd generatorsA
such thatAB =  B A;A;B = 1;2;   ;L,seeReferences[8]and [12].TheGrassm an algebra is





2.1 N = 2 super-tim e and conguration super-space
The evolution ischaracterized by the N = 2 super-tim e which isthe R 1j2 super-m anifold in the
term inologyofReference[30].A given \super-instant"(t;1;2)isdeterm ined bytheeven,t2 BeL,
and odd, 2 BoL; = 1;2,param eters,satisfying thecom m utation/anti-com m utation relations:
[t;]= 0 ; f;g = 0 :
The N = 2 conguration super-space is the C = R 2j4 super-m anifold. A super-point in C
is determ ined by the coordinates (xj;j);j = 1;2; = 1;2,satisfying the com m utation/anti-
com m utation rules:



























L and a \super-path"
X
j(t;1;2):R 1j2  ! R 2j4
in C isgiven in term sofitscom ponentsas:
X
j(t;1;2)= xj(t)+ j(t)
 + iF j(t)12 :
The F j(t)com ponents ofthe super-path are needed to m atch the num ber of\bosonic" (even),
xj;F j,and \ferm ionic" (odd),j,degreesoffreedom .
Besidesthetim e-translation invariance generated by theHam iltonian operator ~H =  i@t,we
seek a super-dynam icsthatisalso invariantunderthetwo leftsuper-tim e-translations:
supersym m etry 1: 1 ! 1   "1 2 ! 2 t! t  i1"1
supersym m etry 2: 1 ! 1 2 ! 2   "2 t! t  i2"2
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where " is an innitesim alodd param eter. The generators ofthese transform ations are the
super-charges,
~Q 1 = i
1@t  @1 ; ~Q 2 = i




thatclosetheN = 2 super-algebra
f~Q ;~Q g = 2 ~H ; [~Q ;~H ]= 0 ; [~H ;~H ]= 0 (1)
with theHam iltonian.Theaction ofthesuper-chargeson a super-path expressed on thecom po-
nentpathsis:
Supersym m etry 1 Supersym m etry 2
1X











































The generatorsD  = i
@t+ @ ofrightsuper-tim e-translationsare usually called covariant
derivativesbecausef~Q ;D g= 0 and:
D X
j = "~Q D X

















































and the\super-potential",a function W [X j(t;1;2)]ofthesuper-path,



























j + iW [X j]

; (4)
which is invariant under the two left super-tim e-translations. Here," is the com pletely anti-
sym m etric sym bol:"12 =  "21 = 1;" = 0.To check thatthe transform ationsgenerated by ~Q 
are\super-sym m etries" ofS isnotdicult:
L0 = "~Q L0 = "(i
@t  @)L0 ; W = "~Q W = "(i
@t  @)W :
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Both i"@tL0 and i"
@tW areexacttim ederivativesand assuch donotcontributetovariations
ofS.@L0 and @W areatm ostlinearin 
.TheBerezin integration m easureon odd Grassm an
variables, Z
d











2.2 Lagrangian and H am iltonian form alism in Euclidean R2j4
Berezin integration in S,(4),plus use ofthe constraint equations F j = @W
@xj
to elim inate the

























TheLagrangian isdened on even elem entsofC.BesidesthenaturalLagrangian on thebosonic
degreesoffreedom with a positivesem i-denitepotentialterm ,theGrassm annian kineticenergy
and a Yukawa coupling between bosonic and ferm ionic degrees offreedom enter to guarantee
supersym m etry.Thenecessary and sucientcondition forextending classicalm echanicalsystem s


































Looking at the rst form ula in (7),we notice thateven though the bosonic variables were real
ordinary m agnitudes at the initialtim e,the evolution ofthe system would convert them into
Grassm annian even variables.
Noether’s theorem dictates that the Ham iltonian functions associated to the vector elds




































H ,Q 1 and Q 2 arethusrst-integralsforthesystem ofODE (7).
W e shallnow briey discuss the Ham iltonian form alism [9],in orderto describe how H ,Q 1
and Q 2 induce the ows associated to the tim e-and super-tim e-translations in the co-tangent
6
bundleto theconguration super-space.Theusualdenition ofgeneralized m om entum pj =
@L
@ _xj















Thereisa 12-dim ensionalphasespaceTC with localcoordinates(xj;j;pj;j ).Note,however,
thedependenceoftheferm ionicgeneralized m om enta on theGrassm an coordinates,com ing from
thefactthattheGrassm an kineticenergy isofrst-orderin tim ederivatives.Theassociated four













































Noteshould betaken ofthedierencein sign between thebosonicand ferm ioniccanonicalequa-

























to ruletherightHam iltonian ow in thephasespace.










































































forany f = xj,j,pj,j . In general,the tim e dependence ofany observable F isdeterm ined by
the Poisson structure: dF
dt
= fH T;FgP . Therefore,the constantsofm otion,i.e. the invariants,
arethephysicalobservablescom plying with therelationship fH T;FgP = 0.
In practicalterm s,itisbetterto work on the reduced (eightdim ensional)phase space. The





















































Also,thecanonicalequationsand theinvariantobservablesm ustbereferred tothereduced Ham il-
tonian H .Them ostrem arkablefeatureofthesuper-charges















isseen through thePoisson structure:
fQ 1;Q 1gP = 2H fQ 2;Q 2gP = 2H




TheHam iltonian functionsQ  and H closeacentralextension oftheN = 2SUSY algebra (1)by
a topologicalterm :Z =  ipj
@W
@xj
isa totalderivativewith physicalim plicationsonly ifnon-trivial
boundary conditionsoranon-trivialtopology oftheconguration superspaceareconsidered.The
ow generated by Q  in theco-tangentbundleto theconguration super-space,
Supersym m etry 1 Supersym m etry 2
1x































H itself,due to invariance ofthe theory with respectto even super-tim e translations.There are
also two ferm ionicconstantsofm otion,thesuper-chargesQ 1 and Q 2 -theirPoisson bracketwith
H iszero-showing theinvarianceofthesystem with respectodd super-tim etranslations.
Asin every N = 2 super-sym m etric theory,thereisan R-sym m etry with respectto rotations
ofthe com ponents ofthe ferm ionic variables. In our system ,j can be understood as Grass-
















































S22 and also com es
from theR-sym m etry.Them ain goalofthiswork istostudy whathappenswith super-sym m etric
extensionsin integrablebosonicdynam icalsystem s,wherem oreinvariantsthan theHam iltonian
exist.
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2.3 Supersym m etric classicalm echanics on R iem annian m anifolds
Ifthebosonicpieceofthecongurationsuper-spaceisageneralRiem annianm anifoldM 2 equipped








Ifthe \body" ofthe conguration super-space isa two dim ensinalRiem annian m anifold the










k + iW [X j]

: (9)
Theexpansion ofthesuper-path in thesuper-tim e
X j[t;1;2]= xj(t)+ #j





















W [X j(t;1;2)] = W [xj(t)]  jW ;j + 
12
 















arericherthan foratm anifolds. ljk aretheChristoelsym bols.
Berezin integration and use ofthe constraint equations for the auxiliary elds leads to the
























































































































leadsto thesecond conserved super-charge:

























3 Integrability versus supersym m etry: from Liouville to
SuperLiouville M odels
An N -dim ensionalHam iltonian system issaid to becom pletely integrablein thesenseofArnold-
LiouvilleifthereexistN integralsofm otion,I1;   ;IN ,which arein involution;i.e.,
fIj;IkgP = 0 ;j;k = 1;2;   ;N ;
seee.g.[31].Inpracticalterm s,explicitintegrationofthem otionequationsism oreaccessibleifthe
Ham ilton-Jacobiequation isseparablein som eappropriatesystem ofcoordinates.In such a case,
a com plete solution ofthe Ham ilton-Jacobiequation isavailable that,in turn,providesexplicit
form ulasforthe trajectoriesvia the Ham ilton-Jacobim ethod. Choosing I1 asthe Ham iltonian,
thetim e-independentHam ilton-Jacobiequation forzeroenergy I1(pj;x
j)= i1 = 0and V =  U is
nom orethan thePDE (11).Thus,thebody ofthesuperpotentialistheHam ilton’scharacteristic
function for a naturaldynam icalsystem with potentialV =  U: S(xj;t) = W (xj)  i1t. A
supersym m etric m echanicalsystem is built with a solution ofthe associated Ham ilton-Jacobi
equation from thestart.
Fora specialtype ofcom pletely integrable system ,term ed asHam ilton-Jacobi-separable,the
Ham ilton-Jacobiequation (11)becom esequivalenttoasystem ofN non-coupled ODE’s.Liouville





1;x2)_x2_x2)  V (x1;x2). The com plete solution of(11)consistsof2N independentsolutions
com ing from thecom binationsofthesolutionsofN one-dim ensionalproblem s.In thisSection we
shalldescribe the dierent2N supersym m etric extensionsofclassicalHam ilton-Jacobiseparable
m odelsobtained from the distinct2N Ham ilton’scharacteristic functions,in the specialcase of
Liouvillem odels[15].
3.1 Liouville m odels
Liouville m odelsare two-dim ensionalcom pletely integrable naturalsystem s with dynam icsgov-






1;x2)_x2_x2)  V (x1;x2) :
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Thekey property enjoyed by thisclassofsystem sisthattheHam ilton-Jacobiequation forthem
isseparable using two-dim ensionalelliptic,polar,parabolic orCartesian system sofcoordinates.
There are fourtypes classied by the kind ofsystem ofcoordinatessuitable forsolving the HJ
equation and the two classicalinvariantsin involution are wellknown foreach Liouville system .
W ebriey describethefourpossibilities:
 Liouville M odels ofType I:Letusconsiderthem ap  :R2  ! D 2,whereD 2 isan open
















(x1 + c)2 + x2x2 +
p






(x1 + c)2 + x2x2  
p
(x1   c)2 + x2x2

The u;v variablesaretheelliptic coordinatesofthe bosonicsystem :u 2 [c;1 ),v 2 [ c;c]
and D 2 istheclosureoftheinnitestrip: D 2 = [c;1 ) [ c;c].Letusassum ethenotation
 fortheinduced m ap in thefunctionson R 2,i.e.U(x1;x2)= U((x1;x2)) U(u;v),so
we willwrite U forU(x1;x2)and U forU(u;v)and a sim ilarconvention willbe used for
thefunctionsin thephaseand co-phasespaces.



















wheref(u)and g(v)arearbitrary functions.Observethat,apartfrom acom m on factor,the
contribution to the Lagrangian ofthe u and v variablessplits com pletely. The Ham ilton-




















































;a;b= 0;1 : (15)
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(u2   c2)(p2u + 2f(u))+ (c
2


















(u2   c2)(c2   v2)
u2   v2
p2v  



















































The rem arkable fact is that I
(B )
2 is independent ofa;b,i.e. the four superpotentials also
leadsto identicalsecond invariants!,notonly to thesam eHam iltonian.
In theliteratureaboutintegrabledynam icalsystem sitisusually stated thattheexistenceof
thesecond invariantobeysa hidden sym m etry.Thedenition ofthegeneralized m om enta,

(a;b)





sheds light on the nature ofsuch (non-linear) sym m etries. In term s ofthe generalized













































and well-known invariantswith pj replaced by 
(a;b)









to the Lagrangian L,in agreem entwith the centralextension shown in the SUSY Poisson
algebra (8).NotethatI
(B )










Itisalso possible,however,to interpretthatthe generalized m om enta by them selvesclose
anotherextension,now oftheordinary Poisson algebra:
fxj;xkgP = 0 ; fx
j; kgP = 
j
k




Both the rstand the second invariantsobey sym m etries related to (non-linear)transfor-
m ationsgenerated in thefram ework ofthegeneralized Poisson structure(18).
 Liouville M odels ofType II:
ThetypeIILiouvillem odelsaretwo-dim ensionaldynam icalsystem sforwhich theHam ilton-
Jacobiequation isseparableusing polarcoordinates.Thedirect- :R2  ! D 2 ’ R 2  f0g






















Again,besides the m etric factor g11 = 1,g22 = 
2,the contributions of and  appear
com pletely separated in theLagrangian.Here,thezero energy tim e-independentHam ilton-
















































































































































 Liouville M odels ofType III :
In thistypeofm odel,theHam ilton-Jacobiequation isseparableusingparaboliccoordinates.
The direct- :R2  ! H 2 -and inverse - 1 :H 2  ! R 2 -m apsbetween the half-plane






x1x1 + x2x2 + x1;
q
p









2 = ( 1 ;1 ) [0;1 ) ; u 2 ( 1 ;1 );v 2 [0;1 ) :


























issolved by thefour\separate" superpotentials:

























































































































 Liouville M odels ofType IV :








_x2 _x2   f(x1)  g(x2) (23)






























































3.2 SuperLiouville m odels
The strategy forbuilding N = 2 supersym m etric Lagrangian system s with Liouville m odels as
thebosonicsectorisclear:sim ply considerthe hybrid non-linearSigm a/W ess-Zum ino m odelsof
subsection x2.3whosetargetspaceistheRiem annian m anifold M 2 = D 2 equipped with them etric
induced by them aps, and  forTypesI,II,and III,and theEuclidean m etricforTypeIV.
 SuperLiouville M odels ofType I:The m etric and the Christoelsym bolsinduced by































(u2   v2)(u2   c2)
;  vvv =
v(u2   c2)
(u2   v2)(c2   v2)







(u2   v2)(u2   c2)
;  uvv =
 u(u2   c2)
(u2   v2)(c2   v2)





Besides the bosonic (even Grassm an) variables u ,v ,ruled by LagrangiansofType Ias
discussed in the previous sub-Section,there are also ferm ionic (odd Grassm an) M ajorana
spinors#u ,#
v
 in the system . A supersym m etric two dim ensionalm echanicalsystem isa























































































Theferm ionickineticenergy isencoded in LF and thereareYukawaterm sin 
LB F ruling
theBose-Ferm iinteractions.
 SuperLiouville M odels of Type II:Everything is analogous trading elliptic for polar
coordinates.Them etricand theChristoelsym bolsare:
g()=

g = 1 g = 0





g = 1 g = 0











 = 0 ;  





















































































 SuperLiouville M odels ofType III:The supersym m etric extensionsofLiouville Type
IIIm odelsiseasierin parabolliccoordinates.Them etricand theChristoelsym bolsare:
g(u;v)=

u2 + v2 0




























Thedynam icsoftheSUSY pairsofvariablesu ,#u and v,#
v
 isgoverned in asuper-Liouville

















































































































and thesystem can beunderstood asan (N = 2) (N = 2)SUSY m odelin (0+ 1)dim en-
sions.
There is an obvious rst integralthatcan be written in a unied way forallfourTypes of





























1 isform ally identicalto the Ham iltonian ofthe parentLiouville m odelbutwe stressthatpj
and xj are now even Grassm an variables. Itis,in any case,independentofa and b. I
(F )
1 com es
from the Yukawa couplingsbetween bosonic and ferm ionic variables. Note thatI
(F )
1 dependson
choosing eitherb= 0 orb= 1;thus,each Liouville m odeladm itstwo dierentsupersym m etric
extensionsachieved from dierentsolutionsofthetim e-independentHam ilton-Jacobiequation for





1 ;thisip ofsign can beabsorbed by exchangingpositiveand negativeenergy
fortheferm ionictrajectories.
A nalrem ark isthatthe separability ofthe purely bosonic Liouville m echanicalsystem s is
lostin thesupersym m etricfram ework becauseoftheYukawa couplings,exceptforSuperLiouville
m odelsofTypeIV.
4 O n the B osonic Invariants
Liouville m odelshave a second invariantin involution with the energy -the rstinvariant-that
guaranteescom plete integrability in the sense ofthe Liouville theorem . W e shallnow show that
the SuperLiouville m odels also have a second invariant ofbosonic nature. Our strategy in the
search forsuch an invariant,fI;H gP = 0,followsthegeneralpattern found in theliterature:see

















































i) K isa function.
ii) H ij isa sym m etrictensordepending on xi.Therearethreeindependentfunctionsto deter-
m ine.
iii) Lijk and M
i
jk also dependsonly on x






iv) G ij and Jij arefunctions,antisym m etricin theindices,ofx
i:G ij =  G jiand Jij =  Jji.A
prioriFij(x
i)however,isneithersym m etricnorantisym m etric;itcontainsfourindependent
functions.
v) Finally,Sijkl(x
i)isantisym m etricin theexchangeoftheindicesi;j and k;land sym m etric
in the exchange ofthe pairsij;kl.There isonly one independentfunction to determ ine in
thistensor.
Thecom m utatorwith theHam iltonian is:


































































































































































The relationship fI;H gP = 0 guaranteesthatI willbe an invariantofthe supersym m etric m e-
chanicalsystem .Therefore,conditionsm aking thePoisson bracketvanish (shown in thetable1)
m ustbeim posed.
Thesum in expression a)in thebox 1 rangesoveralltheperm utationsoftheindicesi;j and
k. W e dealwith a overdeterm ined system ofpartialdierentialequations: there are 31 PDE
relating 15 unknown functions.In thetable1,wehaveorganized theconditionsin a step-by-step
distribution,i.e.,generically solving conditionsin a given box isrequired to solvetheconditions
in thefollowing box.In boxes1 and 2,theequationshandled by Hietarinta in thebosonicsector
arereproduced.Notetoothepossibilityoftheexistenceofseveralsolutions,givingrisetodierent
























































































































Table1:Conditionson I to obtain a supersym m etric invariant.
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4.1 Second invariant in SuperLiouville m odels
In orderto solvetheaboveconditions,weproceed in a recurrentway:
i) TheequationsinBOXES 1and2aresucienttondH ij andK .W erecovertheinform ation
aboutthesecond invariantofthepurely bosonicsector.






12 = C 
ij
x
j + A i M
i
12 = D 
ij
x
j + B i
whereA i,B i,C y D areconstants.
iii) The equationsin BOX 4,togetherwith the previousinform ation,lead to the com putation

























M oreover,ifwe restrict Fij to be sym m etric under the exchange ofindices and identify
Lijk = M
i
jk,equation 4b)becom esequalto4c).Keepingin m ind theform ulae(16),(20),(22)
and (24),thislattercondition and (25)becom eidentities,choosing in each typeofLiouville
m odelstheappropriatevaluesoftheintegration constantsA i,B i,C and D ,obtained in the
previouspoint. Thus,the com patibility ofthe equationsissatised and we obtain nally
Fij from form ula a).
iv) TheequationsofBOXES 5,6 and 7 aresatised ifweconsider:
G ij = Jij = N ijk = Sijkl= 0








2 agreeswith thepurely bosonicsecond invariantbutbearing in m ind thatthevariables
haveaneven Grassm annian characterandI
(F )
2 includesterm salsoinvolvingtheferm ionicvariables
i.W end:








































































































































































































































W e observe a com m on feature in the second invariantofsuperLiouville m odelsofType I,II,
and III:l12 = x1p2   x
2p1 can bereplaced by j






rotationalsym m etry -and,thus,s12 = i1
2
 can beinterpreted asthespin ofthesupersym m etric

























in I02 with an obviousphysicalm eaning.In m odelsofTypeIII,I2 containstheterm j
12p2 without
theneed to add anything.
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2 dependson b:thesecond invariantin superLiouvillem odelsdiersfordierent
supersym m etric extensionsoftheparentLiouvillem odel.
4.2 O ther invariants
From thepattern shown in the table we also conclude thatthe generatorofR-sym m etry S2 and
theirhighestnon-zero power-S22 in two dim ensions-areinvariants.
 The condition in BOX 7 isnotcoupled to the restofequationsin table 1.Itsetsthe only
independentcom ponentofSijklto beconstant,S1212 = c.Thus,asm entioned attheend of













isa constantofm otion,an invariantforalltheN = 2 supersym m etric m echanicalsystem s
with two bosonic degreesoffreedom because no restriction on the superpotentialhasbeen
im posed.
 Ifallthetensorsvanish in thegenericexpansion oftheinvariant,exceptthechoiceFij = ij,










isa rstintegralin two dim ensionalN = 2 supersym m etric m echanicalsystem s.
5 Supersolutions








2 , S2, and \odd", Q , invariants ofa











)= q ; S2(
j
)= s2 ; (32)
wherei1,i2,q,and s2 aretim e-independentarbitrary quantities.Thesystem ofequations(31)-
(32)relatesbosonic,xj(t),to ferm ionic,j,variables;the x
j(t)coordinatescannotbe ordinary
functions;instead,theytakevaluesintheeven subalgebraBeL oftheunderlyingGrassm ann algebra
BL.
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5.1 T he H eum ann-M anton m ethod
Tosolvethecom plicated system ofequations(31),weproposethem ethod envisaged by Heum ann
andM antonin[12].L = 4issucientforourpurposes,sothattheidentityandtherealm onom ials
A ; A B = iAB ; A B C = iAB C ; 1234 =  1234 ;








(t)A B + x
j






































To facilitate the notation,we callI
(B )
M = B M (x
j;pj),M = 1;2,and I
(F )












M A B + B
1234












 A + Q
A B C




2 A B + S
1234
2 1234 ;





1 A B + i
1234









 A + q
A B C
 A B C ; s2 = s
A B
2 A B + s
1234
2 1234 ;












































2 arerealnum bersand a tediouscalculation gives:





















































































F A B1 =
@2W
@xk@xl













2B C D + 
k































































2B C D +
1




1A B C 
2
2D )
It is not possible to calculate the F A B2 and F
1234
2 com ponents ofthe second invariant in a
unied way because they are dierent for dierent Types. Nevertheless,the rst three Types

















wherefkl(xjo)can beidentied from (27),(28),and (29)in each case.W ethusnd:























B C D + 
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2B C D + 
k














The equations for the basic layer (35) ruling the dynam ics ofthe body ofthe system can be
reduced to quadratures,asin the originalLiouville m odel. ExceptforLiouville m odelsofType
IV,thisnotlongerholdsforequations(36)-(37)in therstand second layers,wherethevariables
describing dierent degrees offreedom becom e entangled. Nevertheless, we can be helped by
considering equations(32)provided by theferm ionicinvariants:














5.2 Supersym m etry versus separability
In Type IV m odels,thetwo degreesoffreedom com pletely splitin equations(35),(36),(37):we


























































































































































































































































































































































































u (t)A B + p
1234









A (t)A + 
u




A (t)A + 
v
A B C (t)A B C
in thesystem ofequationsruling thedynam icsoftheTypeIand TypeIIIsystem s,
I1 = i1 ; 
I2 = i2 ; 
Q  = q ; 
S2 = s2 (40)
I1 = i1 ; 
I2 = i2 ; 
Q  = q ; 
S2 = s2 ; (41)
leadsto a layer-by-layersolution oftheproblem .
In thebasiclayer,with no Grassm an variablesatall,thedynam icsoftheu and v variables
are com pletely independentwith respectto each otherand a solution by quadraturesisat
hand.Onecan easily check thatthisisnotthecasein thesecond and third layer:owing to
theYukawa term s,the dynam icsofthe u and v variablesareno longerindependentin the
supersym m etric extension ofthiskind ofsystem .
3.TypeII
The behaviourofType IIm odelsisidenticalto the behaviourdescribed above forType I
















































































































 (t)A B + p
1234






















allow to organizethedynam icsin a layer-by-layerstructure.
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